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We explain how to generalize Nekrasov's microscopic approach to M = 2 gauge 
theories to the N = 1 case, focusing on the typical example of the U(iV) theory with 
one adjoint chiral multiplet X and an arbitrary polynomial tree-level superpotential 
TrW(X). We provide a detailed analysis of the generalized glueball operators and a 
non-perturbative discussion of the Dijkgraaf-Vafa matrix model and of the generalized 
Konishi anomaly equations. We compute in particular the non-trivial quantum cor- 
rections to the Virasoro operators and algebra that generate these equations. We have 
performed explicit calculations up to two instantons, that involve the next-to-leading 
order corrections in Nekrasov's ^-background. 
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1 Introduction 



Recently, a very general strategy to derive non-perturbative exact results in Af = 1 
gauge theories from a microscopic point of view was explained pQ. The starting point 
is to consider the gauge theory path integral with arbitrary boundary conditions 
at infinity. A microscopic quantum effective superpotential W mic can be derived as a 
function of the boundary conditions. This effective superpotential has two fundamen- 
tal properties. First, it can always be computed exactly in a semi-classical instanton 
framework by choosing the boundary conditions appropriately and then performing 
suitable analytic continuations. Second, the stationary points of W m i C describe all 
the quantum vacua of the theory, including the strongly coupled confining vacua. A 
direct procedure for solving the theory in the chiral sector from microscopic instanton 
calculations then follows. In particular, the full power of Nekrasov's technology [2], 
which itself was the crowning achievement of many years of developments in instanton 
calculus [31 HI El E] and which was successfull in solving Af = 2 gauge theories [7j , can 
be applied to the realm of Af = 1 gauge theories, generalizing useful early work [8] . 

The basic example on which to apply these ideas is the Af = 1 theory with gauge 
group XJ(N), one adjoint chiral superfield X and an arbitrary polynomial tree- level 
superpotential TrW(X) such that 

d d 

W\z) =Y,9kZ k = g d \[{z - Wi ) . (1.1) 

fc=0 i=l 

The solution of this model can be generalized to many other Af = 1 gauge theories 
with various gauge groups and matter contents. The usual approach is to use the 
Dijkgraaf-Vafa matrix model [9], or equivalently the generalized Konishi anomaly 
equations supplemented with an appropriate glueball effective superpotential [TO] . 
These approaches have been motivated by some perturbative calculations [HI HO) . 
Here perturbative is with respect to the gauge coupling constant. Equivalently, the 
gauge field in [H} [K)] is treated as an external classical background field. This is 
clearly inadequate to derive exact non-perturbative results. Our main interest is 
actually in computing the expectation values of various chiral operators, which do 
not have perturbative corrections! 

In the present paper, we provide a non-perturbative check of the matrix model 
and the anomaly equations up to the second order in the instanton expansion. An 
exact proof to all orders, that applies to all the vacua of the theory, will be presented 
in a forthcoming paper [12]. Our explicit calculations show how remarkable it is 
for the anomaly equations to retain their perturbative form, at the expense of a 



2 



non-perturbative redefinition of the variables as explained in [IB]. In particular, the 
generators of the equations, which form perturbatively a truncated super- Virasoro 
algebra, get extremely strong quantum corrections due to the non-linearity of the 
associated transformations. Their action does not close in the chiral ring, and to 
obtain a closed algebra one needs to enlarge considerably the set of generators. 

The full set of non-trivial expectation values in the theory (11. ip is given by [10] 



u n = (TrX n ), Vn = --}— 2 (TTW a W a X n ) } (1.2) 

where W a is the vector chiral superfield whose lowest component is the gluino field. 
It is convenient to work with the generating functions 

R(z;a,q) = J2^k> S(z; a, g, q) = ^ • (1.3) 

n>0 n>0 

We have indicated explicitly the dependence on the couplings gk, denoted collectively 
by g, the instanton factor 

q = A 2N , (1.4) 
and the boundary conditions at infinity for the chiral superfield X, 

Xoo = diag(ai, . . . , a/v) = diag a . (1.5) 

The function R(z; a, q) does not depend on g [H] and can be computed exactly using 
the results of [21 [7J. It was shown in pQ that, on the extrema of W mic (a,g,q), R(z) 
coincides with the result obtained from the matrix model. On the other hand, very 
little is known about the generalized glueball operators v n for arbitrary a and n (the 
case n = was discussed in [TJ). The study of the generating function S(z;a,g,q) 
will thus be a central topic in the present work. An important goal is to show that it 
coincides with the matrix model prediction on-shell (i.e. on the extrema of W m i C ). 

The plan of the paper is as follows. In Section 2, we explain the general set- 
up and introduce Nekrasov's fi-background, the localization formulas and the sum 
over colored partitions that we use to perform our calculations. We have been very 
careful in obtaining the relevant equations, which can be found in the literature in 
many different, and often erroneous, forms. We give general formulas for the gener- 
ating functions R(z;a, q), S(z;a,g,q) and the microscopic quantum superpotential 
W m i C (a, g, q). In Section 3, we present our explicit two-instanton calculations in the 
^-background. In Section 4, we focus on the anomaly equations. After a general 
discussion of the non-perturbative properties of these equations, we derive the quan- 
tum generators and algebra that generate the equations. We show that the results 
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are consistent with the Dijkgraaf-Vafa matrix model and glueball superpotential. We 
present our conclusions in Section 5. A technical appendix is also included at the end 
of the paper. 



2 General set-up 

2.1 Quantum superpotential and correlators 

The microscopic quantum superpotential W m i C (a) is defined [1] by the following eu- 
clidean path integral with given boundary conditions at infinity (|1.5p . 

e -/d 4 x(2AfRe/d 2 eW mic (a,g,g)+D-tcrms) = f d/J 6~ Se , (2.1) 

J X x =diiiga 

where <Se is the euclidean super Yang-Mills action and d/x the path integral measure 
including the ghosts. It is shown in pQ that 

W mic (a,g,q) = (a\ Tr W(X)\a) , (2.2) 

where the expectation value {a\ff\a) of any chiral operator & is defined by 

<«M«> = f due -s E = WW) ■ ( 2 -3) 

J Xoo=diaga * 

Equation (12.21) follows from the U(1)r symmetry of the theory, for which the charges 
of the superspace coordinates 9 a , instanton factor q, chiral superfield X, vector su- 
perfield W a , boundary conditions a, couplings g and superpotential W mic are given 
by 

9 a q X W a a g W n 



mic 



U(1) R 1 1 2 2. ( 2A > 

By varying the highest components of the chiral superfields g and q in (12. ip . we derive 
the fundamental formulas 

n Wnic = ^| TrX n|^ = Un ( a>flf)? ) 9 (2.5) 

Nq 9W^ = _ 1 < a | TrU^ Q |a) = v (a,g,q) . (2.6) 
oq 16^ 1 1 

The gauge theory expectation values are obtained by going on-shell, 

^ = 0. (2.7) 

OCLi 

These equations have in general many solutions for a, each corresponding to a vacuum 
| a) = |0) of the quantum gauge theory pQ. 
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2.2 Instantons and localization 



The expectation values (a|^|a) are analytic functions of the variables a^. Thus, if we 
can compute them in an open set in a-space, then their values for arbitrary a can be 
obtained by analytic continuation. In the region 

|a* — Oil » (A| (2.8) 



the theory is weakly coupled and the path integral (I2.3P localizes on instanton con- 
figurations, 

We have denoted by dm^ the measure on the finite dimensional moduli space of 
instantons of topological charge k and 0(m^) the value of the operator @ for the 
moduli m,( k \ The moduli space integrals are in general ambiguous due to small 
instanton singularities (see for example the first reference in [6], Section VII. 2). For 
example, the expectation values (ll.2p are ambiguous for n > 2N. To lift these 
ambiguities, we consider the non-commutative deformation of the instanton moduli 
space. This yields natural definitions for the operators (II. 2p at any n [13]. This 
crucial point will be further discussed in Section 4. Note that while turning on the 
non- commutative deformation $ ^ is necessary to define the chiral operators at the 
non-perturbative level, their expectation values do not depend on d which is a real 
parameter. 

A very important property is that the instanton series always have a non-zero 
radius of convergence. This shows that 0(a, g, q) can be obtained exactly by summing 
up the series in (12.91) . Of course, computing the moduli space integrals for any values 
of A; is a priori extremely difficult. 

The calculation can be drastically simplified by using localization techniques [5]. 
The idea is that the effective action for the instantons can be written in the form 

S E = Q ■ E + T (2.10) 

with Q-T = 0, for some particular nilpotent linear combination Q of the supercharges. 
The integrals over the instanton moduli space of Q-closed operators (which include 
the chiral operators we are interested in) then localize on the solutions to 

Q-E = 0. (2.11) 
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The fixed points of Q can be found explicitly [5]. They correspond to U(l) non- 
commutative instantons which, in the commutative limit d — > 0, go to point-like 
singular instanton configurations. The remaining integrals over the moduli space of 
U(l) non-commutative instantons are simpler than the original integrals in (12. 9p . but 
their explicit evaluation remains a difficult challenge that has been solved only at 
topological charges k < 2. 

Very fortunately, it is possible to improve the localization techniques by putting 
the theory in the so-called f2-background [2] . This background is characterized by an 
antisymmetric matrix that we can choose to be of the form 



n 



(0 


-1 





o\ 


1 




















1 







-1 





(2.12) 



The complex parameter e measures the strength of the background (it is also often 
denoted by h in the literature). A non-zero Q-background breaks Lorentz invariance 
and the usual supersymmetry. For example, the standard kinetic term for the field 
X is replaced by 

Tr {D^X - n uX x x F^) (Djtf - n^xxF^) . (2.13) 

However, an appropriate deformation of Q, that we denote by Q e , is preserved, and 
the action keeps the form (12.101) with e-modified quantities. The trully remarkable 
fact [2] is that the solutions to the new localization problem associated with Q e are 
now labeled by discrete indices. This means that the integrals in (12 .9p are reduced to 
finite sums! 



2.3 Colored partitions 

Let us describe in details the configurations that contribute [2j. First, a given topo- 
logical charge k can be distributed amongst the N possible U(l) non- commutative 
instantons corresponding to the iV U(l) factors of the unbroken gauge group (for 
arbitrary a), 

N 

k = J2^- (2.14) 

i=l 

To each integer fcj > 0, we associate a partition 

k% = ^ ki a , (2.15) 

a>0 
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with 

h,i > h,2 > ■ ■ ■ > k iAl > k- k i+1 = . (2.16) 

The largest integer a such that fcj j0 7^ is denoted by ki t i, for reasons to become clear 
later. A collection of integers k i)OL satisfying (12. 16f) will be symbolically denoted by kj 
and the size of the partition kj is defined to be 

|kj| —k{— ki a . (2.17) 

a=l 

A colored partition k of size 

N 

\k\ = J2\K\ (2.18) 

i=i 

is a collection 

k= (ki,...,^) (2.19) 

of N partitions kj. The fundamental result [2] is that the most general instanton 
configurations that contribute in the topological k sector can be labeled by colored 
partitions of size k = |k|. 

In particular, the partition function Z e in an arbitrary ^-background can be writ- 
ten as 

z € = [ dm(k) e ~ SE = J2 z(k) qk ' ( 2 - 20 ) 

with 

z^ = J24- ( 2 - 21 ) 

lkl=fc 

The sum in (" 12 . 2 1 [) is over all colored partitions of size k, and /z5 is a measure factor 
on the set of colored partitions that we describe below. As the notation suggests, /ij^ 
is positive definite when e and the chosen to be real. The correlators (12.91) in 

an arbitrary background are expressed in a similar way, 

(a\0\a) e = e (a,g,q,e) = ^-J>* E ^ 

e k>0 |k| =fc 

where &^ describes the operator G in the configuration k. 

It is convenient to introduce the Young tableaux associated with the partitions 
kj in k. The Young tableau associated with any partition k is a collection of boxes 
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Figure 1: The Young tableau Y|< associated with the partition k in (12.231) . with integers 
(k a ) = (5, 3, 3, 2, 1) and {k p ) = (5, 4, 3, 1,1). 

arranged in rows, the row number a containing k a boxes. For example, we have 
depicted in Figure [T] the Young tableau associated with the partition 

14 = 5 + 3 + 3 + 2 + 1. (2.23) 

In addition to the numbers k a of boxes in the rows, it is useful to also introduce the 
numbers kp of boxes in the columns, with 

~h > h > ■ ■ ■ > k kl > k kl +i = . (2.24) 

The integers kp correspond to the number of boxes in the rows of a partition k called 
the dual of k. Clearly 

ik| = ^2 k <* = = m ■ ( 2 - 25 ) 

a=l (3=1 

Let us now consider the box □( Qj/ 3) in a tableau belonging to the row number a 
and column number (3. The Hook length of this box is defined to be 

h(n (a ^) =k a -P + kp-a + l. (2.26) 

Geometrically, h(d) represents the number of boxes above and to the right of □ in 
the tableau plus one. 

We can now give the formula for the measure factor Let us start with the case 
N = 1, where only ordinary partitions are involved. Then the measure is simply given 
in terms of the dimension dimi?| < of the irreducible representation of the symmetric 
group associated with the Young tableau Yk, 

e |k| ^k = ^ydimi? k . (2.27) 
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Explicitly, 



6'V 



1 



linen Ku) 

where the product is taken over all the boxes in the Young tableau. For example, for 
the diagram in Figure [TJ, 

1 1 



9-7-5-2-1-6-4-2-5-3-1-3-1-1 1360800 
It is possible to write (I2.28P is an alternative form which is sometimes useful, 



Ikl Yll<ai<a 2 <h ~ k ™ - «1 + «2; 

e '/ik = — 



(2.29) 



(2.30) 



The equivalence between ( 12 . 30 j) and f!2.28j) can be shown straightforwardly by using a 
recursive argument on the number of columns of the Young tableau. A generalization 
of this result is proven in the Appendix. For example, in the case of Figure [TJ (12.301) 
yields 

(2.31) 



-14, 



3-4-6 



1-3-5-2-4-2 



1 



e fi k 

consistently with (12.291) . 



9! 6! 5! 3! 1! 



1360800 



For arbitrary N, the measure is given by a "colored" generalization of (12.281) . 

N 



i=l 



^ = n ^ n n 



dj + e{(3 — a) 



TT TT TT ( ai ~ aj + e ^ j,/3 ~ a ~ ft + 1 ))( a i ~ a i + e (^.a - (3 - a + l)) 
i<j a=i p=i i a i ~ a i + e(l - a - ft)) (a* - a s + e(k jt p - a + k i>a - (3 + 1)) 

This formula can also be rewritten in a form analogous to (I2.30p . 

a { - aj + e(k ij0£1 - kj >a2 — a± + a 2 ) 



(2.32) 



A? 



/'k 



-i) E - (i - i)ikii n^><n 



n 



i=l i<j 
1 



nn 



n 



aj — aj + e(ct2 — ol\] 
1 



aj — a,- + e((3 — a + n " L "^ v aj — a,- — e(/3 — a + fcj i) 



. (2.33) 



This form has the advantage of making /iS manifestly symmetric under permutation, 



aj <— > aj , kj <— > kj , 



(2.34) 



which is a consequence of gauge invariance. It is also more convenient to study the 
e — > limit. The proof of the equality between ( 12.321) and ( 12.331) is given in the 
Appendix. 
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2.4 The scalar operators 

The operators Tr X n were studied in [13] for the M = 2 theory. In the configuration 
k, they are given by 



+ (en - ea) n - (en - e(a - 



. (2.35) 



It is shown in [5] , and will be reviewed below, that this formula remains valid in the 
M = 1 theory as well. 

The gauge theory correlators (a\ Tr X n \a), and thus the quantum superpotential 
(12. 2p . can be obtained in principle from the above formulas by taking the e — > limit, 

TrX» = lim(a| TrX» e = lim 1 E fanfi- (2-36) 



a 



e fc>0 



This limit was studied in |7] by using the saddle point method. The saddle point 
corresponds to a very large colored partition, of size |k| ~ 1/e 2 , for which the shapes 
of the associated Young tableaux can be computed exactly. The result [7] shows that 
the generating function is given by 

R(z\a,q)= ■ (2.37) 

It is a meromorphic function on the Seiberg-Witten curve 

N 

C: y 2 = P(z) 2 -Aq = l[(z - x t f - Aq . (2.38) 

i=l 

This curve is a two-sheeted covering of the complex z-plane, with branch cuts running 
from x~ to xf with 

N 

P( z ) T 2q l ' 2 = Y[{z-xf). (2.39) 

i=i 

The parameters Xi are determined in terms of the boundary conditions aj by the 
equations 



di - 

2m 

where the closed contour a,- encircles the cut from x~ to xj 



— I zR{z) dz , (2.40) 
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2.5 Geometric formulation 



There is a nice geometric formulation of the localization on the instanton moduli space 
that uses the notion of equivariant differential forms. Details on this theory can be 
found for example in [15]. We shall need only a few qualitative features, that were 
also used in [161 E] • The idea is that Q e -closed operators correspond to equivariantly 
closed forms with respect to the symmetry transformation generated by Q e . For our 
purposes, the important part of this symmetry is a space-time rotation that enters 
when the ^-background is turned on. It is generated by the vector field 

_ d ( . d ,_ d . d ._ d \ /n 

4 = \l^x v - — = e wi- wirr -u 2 - \- lz 2T— ■ (2.41) 

ox^ V az\ az\ oz 2 oz 2 J 

The complex coordinates Z\ and z 2 are defined by 

z\ — X\ + ix 2 , z 2 = xs + ix A . (2.42) 

Important equivariant forms (i.e., forms that are invariant under the transformation 
zi — > e^Zi, z 2 — > e~' n z 2 generated by ^) on space-time are given bjQ 

«(o,o) = 1 (2.43) 

"(2,o) = dzi A dz 2 + iez l z 2 , (2.44) 

"(0,2) = d^i A dz 2 - iez x z 2 , (2-45) 

a(2 2) = d^i A dz 2 A dz\ A dz 2 + ie[z\z 2 dz\ A dz 2 — Z\z 2 dz\ A d^ 2 ) + e 2 Z\Z 2 ZiZ 2 . 

(2.46) 

It is trivial to check that all these forms are equivariantly closed, 

(d-^)a (n , m) = 0. (2.47) 

Equivariantly closed forms on C 2 x ^^ k \ where C 2 is the space-time and *4tw 
the instanton moduli space, can then be built from the equivariant field strength T 
|18j . The field strength T is expressed in terms of the ADHM data; it is a linear 
combination of the usual Yang-Mills field strength, gluino, scalar and fermion in the 



1 These forms appear in [8], and we have simply corrected a minus sign. 



11 



chiral multiplet X such that 

J d A x Tr X n = J a {2 ,2) A Tr T n , (2.48) 

J&TtWWjr = {n + l){n + 2) I «(.,) A ^ , (2.49) 

y d 4 a; y d 2 fl TrX n = y a (2 ,o) A Tr jF n , (2.50) 

/ d 4 a; / d 2 # Tr WW a X n = ^ f Tr F n+2 . (2.51) 

7 J (n + l)(n + 2) J C 2 

Equations (I2.48p . (I2.49[) and (12.501) were obtained in [8] (we have simply put the 
correct factors to match with our conventions). Equation (12.511) can be obtained 
similarly by a straightforward calculation from the explicit expression for T. 

The integral of an equivariantly closed form localizes on the fixed point of the as- 
sociated symmetry transformation [15J. All we need is that, for any form a satisfying 

(E37D, 

/ a=4« (0) > ( 2 - 52 ) 

where is the zero-form part of a evaluated at the origin O of space-time where the 
vector (I2.4ip vanishes|§ One must be careful in applying this rule because we have 
regulated the integrals over the instanton moduli space by formulating the theory 
on a non-commutative space-time. The coordinates Z\ and z 2 are really operators 
satisfying 

[z a J b ] =#5 ab , (2.53) 
for which we can use the representation 

z a = ■ (2.54) 

dz a 

For example, if we compute the volume of space-time using the form (12.461) and ( 12.52ft . 
we find 

V= I dz\ A dz 2 A dzi A dz 2 = [ a (2,2) = \^ ^\hz\z 2 \ = $ 2 ■ (2.55) 
The same calculation for the integral in the right hand side of (I2.48P yields 

J d 4 x TrX n = tf 2 (Tr^ n ) (0) = tf 2 TrX n , (2.56) 



2 We define the integral J c2 in such a way that there is no overall constant factor in (12.521) . 
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showing that the zero-form part of Tr T n is given by 

(Tr^") (0) = TrX". (2.57) 

This result will be useful later. 

Another simple application is to derive the result of [5] that the (a\ TrX n |a) e do 
not depend on g. We write the euclidean action as a sum of two terms, the M = 2 
action that does not depend on the couplings g and the Af = 1 superpotential term, 



S E = S N=2 + N d 4 x / d 2 6 Tr W(X) + c. c. 

J r J (2.58) 

= S N=2 + N a m A Tr W{F) + c. c. 
Jc 2 

The overall factor of N in (12.581) is a natural convention, consistent with (12. 1 p and 
( 12. 21) . that makes the action of order N 2 . We have also used ( 12. 5Q[) to rewrite the 
superpotential term as the integral of an equivariantly closed form. We shall no longer 
indicate explicitly the anti-chiral terms in the following (the +c. c. in (I2.58P ). since 
they obviously do not contribute to the chiral operators expectation values. The idea 
is now to expand the factor e~ SE in the path integral in powers of W and then to 
apply the localization formula ( 12.521) . Since the zero-form part of «(2,o) contains only 
Z\Z 2) a p th power of W yields (ziz 2 ) p . On the other hand, the insertion of TrX™ 
yields, according to (12.481) and (I2.46p . a factor of ziz 2 ziz 2 . Taking into account the 
non-commutativity, we have to compute 

{z 1 z 2 ) p+1 z- 1 z 2 \o = $ 2 5 p ,o, (2.59) 

showing that there is no dependence in W. The same reasoning also shows that the 
correlators (a \ TrX" 1 • • -Ti X na \a) e are independent of g as well. This is non-trivial 
because the multi-trace correlators do not factorize at finite e but only in the e — > 
limit. 



2.6 The glueball operators 

Let us now derive the basic formula for the expectation values of the generalized 
glueball operators, 

l —(a\i:iW a W a X n \a) = -j -i-((a\TTW(X)TiX n+2 \a) 

- (o| Tr W(X)|a) e (a| TrX n+2 |a) £ ) . (2.60) 
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This formula relates the ghieballs to the (a| Tr X n |a) e computed in 12.41 It appears 
in the special case of W(X) = |mX 2 in [8]. Of course, we are mainly interested in 
the e — > gauge theory limit 

v n (a,g,q) = --^\im(a\TrW Q W a X n \a) t . (2.61) 

167T^ e^O 1 1 ' e 

A very interesting aspect of (12.601) is to show that the glueball expectation values 
are related to the subleading terms in the small e expansion of (a\ TrX n |a) e . This 
means that the first corrections in the f2-background are relevant to the M = 1 gauge 
theory. In particular, the leading e — > approximation studied in [7] to solve the 
M = 2 theory is not sufficient for the case of M = 1. 

Equation (I2.60P is the main starting point for the calculations performed in Sec- 
tions 3 and 4. We are going to give two derivations. The first one follows closely the 
reasoning in [SJ. The second one uses the properties of the quantum superpotential 
W m i C . A third derivation, which is less formal and completely explicit, will also be 
given in [12] using an extended version of the theory. 

2.6.1 First derivation 

Using (I2.49p . we have 

— (a\TrW a W a X n \a)=-— / -^(a\ Tr W a W a X n \a) e (2.62) 

m Z I lbTT Z J V e 

^<«|£«(o, 2 )ATr^ + » £ . 

(2.63) 



167T 



(n + l)(n + 2) $ 2 



The zero-form part of a (0,2) in (12.451) is proportional to Z\Z2- From ( 12. 59ft . we know 
that the localization procedure can yield non-zero contributions only if this term is 
saturated with another contribution in Z\Z 2 . According to (I2.58P and (I2.44p . such 
a contribution can come only from a term linear in the superpotential W. This is 
produced by expanding e" 5E to linear order in W. Using (12.521) and (12.571) . we see 
that the numerator of ( 12.9f) yields a term 



I 1 , 1 

.a 



(n + l)(n + 2) $ 2 

N 1 it -it 



n! a m f\TrW{T)f a m A Tr F n+2 \a) ( 
Jc 2 Jc 2 

^ 2 <a|TrlF(X)TrX n+2 |a) e = 



(n+ l){n + 2)$ 2 t 2 t 2 

^ -^(a\TrW(X)TiX n+2 \a) (2.64) 

(n+l)(n + 2)e 2X 1 V ; ' ' e 
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and the denominator of (12.581) yields 

l—-l(a\N [ a (m ATrW(F)\a) e (a\ [ a m) A Tr T n+2 \a) t 
(n + l)(n + 2)*» 2 1 J c z 6 Jc> 



A ' [a\TrW(X)\a) e -^$ 2 (a\TrX n+2 \a) ( 



(n+ l)(n + 2)tf 2 e 2X 1 v " /e e 2 

- 7 T7 c4(a| Triy(X)la) (a| TrX" +2 |a) (2.65) 

Combining (I2.64p and (12.651) together, we obtain (I2.60p . 

2.6.2 Second derivation 

Let us perturb the theory by adding to the tree-level superpotential TyW(X) a term 

t 
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^2 Tr W a W a X n . According to (12.511) . the new euclidean action is thus 

f Nt f 

S E = S N=2 + N / a m A Tr W{T) - , , 1W , oA / Tr ^" +2 + c. c. (2.66) 
J C 2 (n + l)(n + 2) J C 2 

The formula f ]2 .2f) for the quantum superpotential is still valid for non-zero t and e. 
This follows from the fact that t and e have charge zero under the U(1)r symmetry 
(12. 4p . Moreover, we have, similarly to (I2.5P and (12. 6p . 

dW mic 1 , , , , 0(a| TrTU(X)la) 

at 167r z N 1 1 ' € ot 

Using (I2.48p . this is equivalent to 

" T^H TrW"W a X"\a} e = l|(o| £ a (2 , 2) A Tr W{T)\a) t . (2.68) 

This identity is the starting point of our second derivation of (12.601) (compare with the 
starting point (12.631) of the first derivation). The use of the localization procedure 
is particularly simple here, because the zero-form part of «(2,2) is proportional to 
Z1Z2Z1Z2 and thus non-zero contributions can only come from terms proportional to 
the trivial form (12.431) . i.e. from the term proportional to t in (12.661) . The expectation 
value in (I2.68P is given by the general formula (12.91) . Taking the derivative of the 
numerator with respect to t and using (I2.66P then yields 



4(a| / a (22) ATiWm- / Tr^ n+2 |a) 

?? 2V l Jc* ( , ) > + l)(n + 2)7 c2 1 '< 



A ' fl V<a|Tr^(X)TrX" +2 |a) f 



(n + l)(n + 2) e 2 e 2 

7 ^ -^-(a\TrW(X)TiX n+2 \a) , (2.69) 

(n + l)(n + 2)e 2X 1 v ; ' e 
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whereas the variation of the denominator yields 



lM / c2 ^ 2) ATr^)|a) (n + i ^ + 2) («| J^^\a) e - 
A ' e ^ 2 <a|Tr^(X)|a) e i<a|TrX n+2 |a> e 



(n+ l)(n + 2)$ 2 e 2 

-7 TT7 ^k(o\^W{X)\a) (a\TiX n+2 \a) . (2.70) 

Combining (12.691) and (12.701) . we obtain again (12.601) (which is valid for any value of 
t, even though we are focusing on the t = theory). 



3 Two instanton calculations at order e 2 

3.1 The expectation values (a\ Tr X n Tr X m \a) e 

In this Section, we compute explicitly the correlators (a\ TrX n TrX m |a) e up to two 
instantons, 

u n , m (a, q, e) = (o| Tr X n Tr X m \a) e = «£>>) + ug^o, e) q + u^(a, e) q 2 + 0(q 3 ) . 

(3.1) 

Our main goal is to use the resulting formulas to compute the glueball operators 
(Section 13.21) and to check the anomaly equations (Section HI). For this purpose, we 
are particularly interested in the first corrections at small e, 

«S>, <0 = u^(a) + «g$(a) e 2 + 0(e 4 ) . (3.2) 

Note that the functions Un} m (a } e) are even in e, to any order. This result is proven 
in the Appendix. Our starting formula, which is a special case of (12.221) . is given by 

u n ,m{a,q,e) = — ^ q k 4 u nM u m,w ■ ( 3 - 3 ) 

The various ingredients entering into this formula are defined in (I2.20p . (12.211) . (12.321) 
and (I2.35p . Expanding at small q both the numerator and the denominator in (13. 3p . 
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we find that 

U nln ~ U n U m ' (3-4) 



v£L = t4{ U n( U m,k ~ U t) + «mK,k - U t) + K,k - U n) ( U m,k ~ U m)) , (3-5) 



n,m 

|k|=l 



u {2) 



|k|=2 

u 'n,m ) 

where we have defined 



(3.6) 



N 

.cl 



i=l 



One instanton: There are iV colored partitions k*-^ of size |k^| = 1, which describe 
one instanton in each U(l) factor of the unbroken gauge group, each contributing one 
term in the sum (13.51) . Explicitly, 



fcj« = M«,i, !<i< N , (3-8) 



and <^M> or (J23SD then yields 



From (12.351) we also get 



rw«* - *.) 2 ' (3 ' 9) 



- < + + + «• + £,(«.) . (3,0) 

To express the result, it is convenient to introduce the notation 

®ij = di — dj . (3-11) 
Combining (13.91) and (13. 10p in (13.51) then yields 



u (i.o) 

" J n,m 



(1,2) x / m cl m~ 4 , n - cl n—4 

U n'm = / , ff ~T \ TrTTZ ITT U n a i ' -, r>/ 7TT M m a i 



,^a|Al2(m-4)! " 1 12(n-4)! 



w.ml 



+ t rrT7 -TT a ■ 



ra+m— 4 



(n - 2)!(m - 2)! 

u (1.4) = 1 ( ^ u cl m-6 , ^ cl n-6 

n ' m ^IL* 4 \360(m - 6)! ft * 360(n - 6)! m 4 



(3.13) 



n^4V360(m-6)! 
n!m! 

12(n-4)!(m-2)! ^ ' 12(n - 2)!(m - 4)! 



(3.14) 
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Let us note that the term Un'm , that contributes for one instanton at order e 4 , also 
contributes at two instantons at order e 2 , and thus will be crucial to get the correct 
two-instantons correction to the glueball operators. This e 2 contribution comes from 
the last term in ( 13.61) . taking into account the fact that Z e oc 1/e 2 . This is a general 
feature of these expansions: to get the e 2q terms at fc-instantons, one needs to compute 
to order e 2 (i+ k - k ') aX k' < k instantons, because zt ' oc l/e 2fe '. 

TWO INSTANTONS: The sum in (I3.6P has N(N + 3)/2 terms, given by the colored 
partitions and characterized by 



.CO 



/.,. - (A./ + <\jM 



1 < % < N. 
1 < i < j < N . 



(3.15) 
(3.16) 



Computing carefully [/,%.. , \i 



kW ^kW)' M n,k( i > 



and u fry) from fj2.32j) and (12.351) , and plugging 



into (13. 6p . we find the following explicit two-instantons result at order e 2 , 



u 



S=m(m-1)< 



vn^4V ^« 2 



9 n V- 1 ™-3 , (m-2)(m-3) 4 



2a!"- 2 



a n-2 a m-2 



+ (n <->• m) + n(n — l)m(m — 1) ^ — — 2 jL ^ , 



(3.17) 



S=m(m-1)< 1 



Ett 1 ^ l(E^) 4 + 2 (E^) 2 Ei 

~4/v-^ 1 \3 1 2v^ 1 



,m-2 



m — 2 



3 v^--' a# 



+ 



(m — 2)(m — 3) 



(m-2)! 
4(m- 5)! 



E 1 



i (m-2)! 6 
24(m-6)! * 



.3r,:"-' 2 (m-2)(m-3)o 



„m— 5 



m— 4 



2 \ a 4 

jl \ a ij 



6 



01 



+ 
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+ (n *-> m) + n{n — l)m(m — 1) 



(n - 2)(m-2) 



r; 4 



n+m— 6 



+ — f (n - 2)(n - 3) + (m - 2)(m - 3)) < +m " 6 - 2(n + m - 4) fV — 
12 V / \*-~? an 



n+m— 5 



n+m-4 



n+m— 4 



(n - 2)(n - 3) „_ 4 m-2 , (m-2)(m-3) 4 2 
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. (3.18) 



Let us note that as a special case of the above calculation, we also find the expectation 
values of (a\ TrX n |a) e , 



u n (a, q, e) 



u nfi (a,q,e) 
N 



uz 



[a) + uM(a, e) q + u%\a, e) q 2 + 0(q 3 ) , (3.19) 



and in particular the microscopic quantum superpotential (12.21) is known up to two 
instantons. 



3.2 The glueball operators expectation values 



We can now use the fundamental formula (I2.60p to get the glueball operators expec- 
tation values, at e = 0, from the results of the previous subsection. Expanding 



v m (a, g, q) = ug) (a, g) q + vgj> (a, g) q 2 + 0{q 



(3.20) 



we find 



N 



(m + l)(m + 2) e^o e 



M0e 2Z ^ n + 1 V 

n>0 L V 



(ae) 



- < 1 +1 (a)u m+2 (a, e) - u^ +2 (a)<L (a, e 



AT 



(m + l)(m + 2) 



hm — 

n>0 



9n (2) / v 

n _|_ 1 \ M "+l,m+2v a ' € ) 



- u^ +1 (a)u ( ^ +2 (a, e) - u m+2 (a)4+i(a, e) - ^(a, e)u^ +2 (a, e) 



(3.21) 



(3.22) 
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A careful calculation then yields the following explicit formulas, for the one-instanton 
contribution, 

,q)r„ (3.23) 



«(a,^) = iV^ — 
and for the two-instantons contribution, 



a 1 



N 



aT + m 



2E^""M+<E^)V 

V> i )-2^-^H/> i ) 



+ m(m-l) 



i7 y el^ a u Yii^j 



a l 4 



(3.24) 



We now have all the necessary ingredients to perform the check of the Dijkgraaf- 
Vafa matrix model from our purely microscopic point of view. In principle, all we have 
to do is to show that the above correlators satisfy the generalized Konishi anomaly 
equations when we go on-shell, i.e. when we extremize W m i C (of course the correlators 
will not satisfy the anomaly equations for arbitrary values of a). We are going to 
perform this check in the next Section, and also exhibit highly non-trivial features of 
the anomaly equations at the non-perturbative level. 



4 Non-perturbative anomaly equations 
4.1 Introduction 

A cornerstone of our understanding of M = 1 gauge theories, and their relation with 
the Dijkgraaf-Vafa matrix model, is the set of generalized anomaly equations studied 
in [10]. These equations have been derived in perturbation theory (i.e. in a fixed 
classical background gauge field) in the following way [TU] . 

We consider some particular non-linear variations of the field X in the path integral 
[TO] , which are generated by the operators 

L n = -X n+1 ^-, j n = A^W a W a X n+1 ^-, forn>-l. (4.1) 
oX 167T oX 

In [10] the operators W a X n+1 5/5X were also considered, but the resulting equations 
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do not produce non-trivial constraints on expectation valuesjf] The operators act on 
the gauge invariant observables as 

Ln'U m TnUnJf-m , Jn'^m f^^n+m j L n -1) m TflV n +m , Jn'^m 0, (4.2) 

and satisfy the algebra 

[Lm L m ] = (n — m)L n+m , [L n , J m ] — (n — m)J n+m , [J n , J m ] = . (4-3) 

The relations J n ■ v m = and [J n , J m ] = follow from the fact that the W a anti- 
commutes in the chiral ring. The anomaly polynomials generated by L n and J n are 
respectively [10] 

*t n = -N ^2 9kU n +k+i + 2 ^2 u kiVk 2 , (4.4) 

fc>0 ki+k2=n 

= -N ^ gkVn+k+1 + v kl v k2 . (4.5) 

fc>0 k\+k2=n 

The terms linear in the fields in f)4.4p and (14.5)) come from the tree-level action, 
whereas the quadratic terms are generated by an anomalous jacobian in the path 
integral measure (in the Fujikawa approach) or equivalently by a one- loop calculation 
with external gauge fields. It is not difficult to show that this result is exact in pertur- 
bation theory, to any loop order, for example by using the Wess-Zumino consistency 
conditions 

L n ■ srf m - L m ■ st n = (n - m)srf n+m (4.6) 

L n ■ ^m ~ Jm' ^n = {n ~ m)^ n+m (4.7) 
Jn ' Jm ' ^n = (4-8) 

associated with the algebra (14. 3p . 

It is convenient to use operator-valued generating functions for the L n and J n , 

n> — 1 n> — 1 

These operators generate anomaly polynomials that can be written elegantly in terms 
of the generating functions R and S for the u n s and v n s, 



Z )=J2^ = -NW'(z)R(z) + 2R(z)S(z) + N 2 A R (z) , (4.10) 

n>-l 

*) = E 4fe = -NW'(z)S(z) + S(z) 2 + N 2 A s (z) , (4.11) 



Z' 
n>-l 



3 We could include them straightforwardly in the discussion by introducing Lorentz-violating 
couplings t"TiW a X n+1 in the tree-level superpotential. 



21 



where A^j and A5 are polynomials chosen to cancel the terms of positive powers in z 
in the right-hand sides of (I4.10p and (14. lip . 



4.2 Non-perturbative subtleties and finite N 
4.2.1 The non-perturbative anomaly conjecture 

The anomaly polynomials (I4.4p and (14 .5p must vanish on-shell. The resulting equa- 
tions are very similar to the planar loop equations of the one-matrix model, and this 
hints at the formulation in terms of the matrix model in [9]. However, there is a very 
important difference with the matrix model, that has been overlooked in most of the 
literature, but which was emphasized in [13] . In the gauge theory, the number of 
colors iV is finite, and thus the variables that enter in (14.41) and (14. 5 p are not indepen- 
dent. Actually, only ui, . . . , and v , . . . , f at_i can be independent, all the other 
observables being expressed as polynomials in these basic variables. For example, 
because X is a iV x iV matrix, we have 

u N+p = ^piut, ...,u N ), p>l, (4.12) 

for some homogeneous polynomials of degree N + p {u n being of degree n) that 
can be easily computed. It is straightforward to check that the vanishing of the 
anomaly polynomials can be consistent with ( I4.12P only if the expectation values do 
not get quantum corrections at all, providing a proof of the standard perturbative 
non-renormalization theorem. 

These remarks clearly show that the anomaly polynomials must get non-pertur- 
bative corrections to be consistent with the non-trivial non-perturbative corrections 
to the chiral operators expectation values [13]. The precise conjecture about the 
anomaly equations can then be stated as follows [13J: 

Non-perturbative anomaly conjecture: The non-perturbative corrections to 
(I4.4p and (14 .5p are such that they can be absorbed in a non-perturbative redefinition 
of the variables that enter the equations. 

This means that, at the expense of defining the variables u n and v n _i for n > N 
in a suitable way, we can assume that the anomaly polynomials (I4.4p and (14. 5p are 
exact at the non-perturbative level. The only constraints on the possible definitions 
of the variables come from the classical limit and the symmetries of the theory, the 
U(1)r symmetry (12.41) as well as the U(1)a symmetry for which the relevant charges 
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are given by 

u n v n g k q 

U(1) R 2 2 (4.13) 

U(1) A n n -Jfe-1 2N . 

For example, the un+ p that enter in the anomaly polynomials could be given by any 
formula of the form 

u N+p = & > v {u x ,...,u N \q) , p > 1, (4.14) 

for polynomials & p of U(1)a charge N+p that goes to ^ c i, P when q goes to zero. The 
precise form of the polynomials & v are unknown a priori. However, a little thinking 
shows that it is actually quite miraculous that the vanishing of the anomaly polynomi- 
als can be consistent at all with the existence of non-trivial quantum corrections and 
relations like (14.141) . It was then conjectured in [13] that the form of the polynomials 
were actually fixed uniquely by consistency with the anomaly equations, and that 
this requirement was actually equivalent to the extremization of the Dijkgraaf-Vafa 
superpotential. This conjecture can be proven, including when flavors are added to 
the theory [19J. 

In a given non-perturbative microscopic setting, where all the operators u n and v n 
are well-defined, the relations like (I4.14p must be fixed. Let us emphasize again that 
these relations are mere definitions of what we mean by u^ +p for p > 1, and thus have 
no dynamical content. In particular, they must be valid off-shell. In our framework, 
based on the non-commutative regularization of the instanton moduli space, we thus 
expect to find some explicit form for the polynomials & p , with relations ( 14. 14ft valid 
for any values of the boundary conditions a. This can be easily checked as follows 

Let us introduce the correlator 

F(z',a,q) = (a\det(z-X)\a). (4.15) 

We have 

F'(z) 

= R(z) , (4.16) 
and Nekrasov's formula (12.371) then implies that 

F{z- a,q) = \ (P(z) + y/P{zY - 4g) . (4.17) 

The function F is thus a well-defined meromorphic function on the curve (12. 38 p . and 
in particular it satisfies an algebraic equation that can be conveniently written in the 
form 

F(z) + yr^)= P{z) ■ (4-18) 
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Expanding at large z, using the fact that 

F(z) = z N e -^>^ n /(nz") ( 4 19 ^ 

and that all the terms with negative powers of z in the left hand side of (14.181) 
must vanish, we obtain an infinite set of equations that generate recursively and are 
equivalent to a specific form for the relations (14.141) . For example, we find that 

^ P = ^c\, P for 1 < p < N - 1 , @> N = @> cl)N + 2Nq , etc . . . (4.20) 

This is equivalent to saying that the equation ( 14.181) is not dynamical but simply 
encodes the off-shell kinematical relations (14.141) (only the explicit form of the poly- 
nomial P is dynamical). It is extremely tempting to believe that this natural definition 
of the operators is precisely the one for which the anomaly equations take the simple 
forms (I4.4p and (14.51) . This is suggested by all the known results on the theory, and 
we will check it explicitly up to two instantons below and to all orders in [12]. How- 
ever, having non-trivial g-dependent relations like (14.201) between the operators imply 
some very drastic consequences on the generators L n and J n that were defined in 
perturbation theory by (14.11) or equivalently by (14.21) . as we are now going to discuss. 

4.2.2 On the quantum corrected operators L n and J n 

At the non-perturbative level, the operators L n and J n clearly can get quantum 
corrections for n > 1 because the associated transformations are non-linear. This is a 
well-known field theoretic effect, that plays a role in many instances, for example in 
the BRST renormalization theory of Yang-Mills: non-linear transformation rules can 
be renormalized. Here we are dealing with a particularly interesting non-perturbative 
example of this effect. 

An obvious question to ask is what kind of quantum corrections can modify the 
operators L n and J n and their algebra. This is important for example if one wish to 
study the possible non-perturbative corrections to the anomaly equations by using 
the Wess-Zumino consistency conditions, as suggested in [10]. A natural, albeit naive, 
guess is that the corrections are mild enough for the operators to remain derivations 
acting in a closed form on the chiral ring. For example, focusing on the operators L n 
and variables u m , we might assume that in the full quantum theory the most general 
possibility is to have relations like 

L n ■ u m = -mu n+m + (4.21) 

k>\ 
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and 



L m ] = {n- m)L n+m + ^ ^ L 



(4.22) 



where the rh,m are polynomials in the u p s and the ii,™ are operators of A-charges 
n + m — 2Nk, consistently with (I4.13p . Note that the constraints on the A-charges 
imply that the instanton series in ( I4.2ip and (14. 22ft have only a finite number of terms. 
Constraints like (14.211) are at the basis of the analysis in [20] for exampleEl However, 
and perhaps surprisingly, it turns out that the non-perturbative quantum corrections 
to the operators L n and J n must be much stronger. Actually, the formulas (I4.2ip and 
( 14.221) are inconsistent with the existence of the quantum corrected relations ( 14.141) ! 

The precise statement is as follows: 
Assume that the anomaly equations are given by (14. 4p and (14. 5 p with the un +p vari- 



ables defined by ( 14.141) . where the polynomials & p are deduced from ( I4.18p l 5 l Assume 
that relations like ( 14.211) and (14.221) are also valid. Then necessarily q = 0, i.e. the 
theory is classical. 

Let us derive this result in the simple case N = 2. We have also done the analysis 
in the general case, but it is quite tedious and not necessary for our purposes. It will 
be enough to consider a tree-level superpotential of the form W(z) = \mz 2 . From 
( I4.2ip and ( 14.221) . we only need the facts that the L n ■ u m and [L n , L m ] (and thus the 
associated Wess-Zumino consistency conditions) are not corrected if n + m < 4, as 
well as 



for some numerical constants ci, C2 and C3. These constants are not independent. 
From [L 2 ,L ] = 2L 2 , we deduce 

L 2 -u 2 = ^[L 2 , L ] ■ u 2 = ^L 2 ■ (-2u 2 ) - ^L ■ (-2n 4 ) = -L 2 ■ u 2 + L -u A , (4.26) 
which implies that 



4 Several assumptions and derivations in [20] are inconsistent and we do not agree with most of 
the statements in this paper. 

5 These are the standard claims about the theory, and we shall be able to provide a full microscopic 
derivation below and in [12) . 




L ■ Ui = -4u 4 + ciq , 
L 2 - u 2 = — 2w 4 + c 2 q , 
Li • u 3 = -3w 4 + c 3 q , 



(4.23) 
(4.24) 
(4.25) 




(4.27) 
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Similarly, [L 2 ,Li] = L 3 acting on U\ yields 

Li • u 3 = L 3 ■ u\ + L 2 ■ u 2 , (4.28) 
and [L 3 , L Q ] = 3L 3 acting on u\ yields, by using (14.281) . 

L 1 ■ u 3 = L 2 ■ u 2 + ^L ■ u 4 . (4.29) 

From (14T231) . (14T24D and (14T271) we thus get 

c 3 = 3 -f- (4.30) 

Let us now use the Wess-Zumino consistency conditions ( 14.61) for (n,m) = (2,0). 
Using the explicit formulas 

£/ = —2mu 2 + 4t> , £/ 2 = —2mu4 + 4v 2 + 1u\V\ + 2u 2 vo (4-31) 

and (I4.23P and (I4.24p . a direct calculation shows that 

L 2 • =6*0 - L ■ srf 2 - 2^2 = 2m(ci - c 2 )q = . (4.32) 

Using d4T27j) and (OUj) . we deduce that 

ci = c 2 = c 3 = . (4.33) 

Let us now use (I4.20p in the cases N = 2, p = 1 and p = 2, 

3 1 

U3 = ^ c \,i(ui,u 2 ) = -uiu 2 - -ul, (4.34) 

Ui = ^ci, 2(^1,^2) +4g = M1M3 + - ^m?m 2 + 4q. (4.35) 

Acting on ( 14.341) with the operator L 1; and using (I4.33[) . yields 

3 13 3 

L 1 -u 3 = -3w 4 = Li • (-U1U2 - = --m 2 - 3mim 3 + • (4.36) 

This is consistent with ( 14.351) only for q = 0, as was to be shown. 

4.3 Non-perturbative generators and algebra 

We have seen in the previous subsection that the quantum corrections to the gener- 
ators of the anomaly equations must be very strong, and in particular must violate 
ansatz like (I4.2ip and (I4.22p . It is then very difficult to guess the general form of the 
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allowed corrections a priori. In particular, it seems extremely difficult to try to de- 
rive the non-perturbative anomaly conjecture by using the Wess-Zumino consistency 
conditions. 

On the other hand, in the microscopic framework of the present paper, it should 
be possible in principle to provide a full derivation of the anomaly equations and 
associated generators and algebra. In our framework, we are thus seeking differential 
operators L n and J n , or more conveniently the generating functions L(z) and J(z) 
defined in ( 14. 9p . that act on the microscopic off-shell variables a,, 

N f) N f) 

i=l ' i=l 



and such that 

NL(z) ■ W mic (a, g,q) = &t (z; a, g, q) 

= -NW'(z)R(z; a, q) + 2R(z; a, q)S(z; a, g, q) 
NJ(z) ■ W mic (a, g, q) = 38{z\ a, g, q) 

= -NW'(z)S(z; a, g, q) + S(z; a, g, qf . 



(4.38) 
(4.39) 



The functions R(z; a, q) and S(z; a, g, q) have been studied extensively in Sections 
2 and 3. R is explicitly known from the results of [7], see equation (12.37p . On the 
other hand, S can in principle be obtained by summing over colored partitions from 
(I2.60p . but we only know its explicit form up to two instantons from the calculations 
of Section 3. 

There is a very natural proposal for the operators L(z) and J(z). We conjecture 
that 

i im^) dz , ( 

2tir J a . z' - z 

g^-/ ^'^ - ( 4 - 41 ) 
2m J ai z' - z 

In these formulas, the point z is chosen to be outside the contours an that were defined 
in Section [2~4l For the L n and J n , the corresponding explicit formulas read 

1 N f r) 

L «=—^jS lRiz;a - q)iz ^ {iA2) 

i N r r) 

J ^-^JS lsiz]a ' 9 ' q)dz ^- (4 - 43) 
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We would like to make two comments on the above formulas. 

First, it is not obvious a priori that the formulas for J(z) or J n make sense, because 
we do not know if S(z) is a well-defined function on the curve (12.381) . Actually, since 
the contours a.{ lie entirely on the first sheet of the surface, which is defined by the 
asymptotic conditions 

R(z;a,q) ~ S(z;a,g,q) ~ ^ , (4.44) 

2— >oo z z— >oo z 

all we need is that S(z) is well defined on this first sheet, with the same branch cuts 
as R(z). In particular, the conditions 

I S'(z;a,g,q)dz = (4.45) 

J a t 

must be satisfied. Anticipating a bit the results derived in [12], it can be shown that 
S'(z) is a well-defined meromorphic function on (12.381) satisfying (14.451) . ensuring that 
the formulas (14.411) and (14.431) do make sense. However, it turns out that the function 
S(z) itself is not well defined on (12.381) . 

The second comment we would like to make is related to the discussion in Section 
14.2.21 It is actually quite obvious that a formula like (I4.42[) must violate (14.211) (with 
similar statements for the J n ). The reason is that L n ■ u m (a,q) will in general be 
a well-defined function of the a i: but a multi-valued function of the u p . This is the 
consequence of the well-known non-trivial monodromies that the variables cij undergo 
in the i^-space. Similarly, the algebra of the operators L n and J n defined by (14.421) 
and (14.431) is not closed. This can be checked straightforwardly from (12.371) and the 
formulas in Section 4.1 of [I]. In order to obtain a closed algebra, we need to enlarge 
the set of operators considerably. Let us see how this work in the case of the operators 
L n . We set, for any meromorphic one- form u on (12.381) . 

and associate to us the differential operator defined by 

m = Y,°Mfa ■ ( 4 - 47 ) 

i=l % 

The operators L n are of this form, 

L n = L(u n ) , u n = -z n+1 R(z) dz . (4.48) 
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The commutator of two operators L(uj) and L{rj) is given in terms of the skew product 

i=l 

by 

[L(u),L( V )]=L((u, V )). (4.50) 

Taking the derivative of forms with respect to a, can introduce poles at the branching 
points xf of the curve (12.381) . For this reason, the commutators of the L n , and then 
the commutators of commutators, etc, will generate operators L(u) with forms u 
having poles of higher and higher orders at the branching points xf. The resulting 
infinite dimensional algebra is quite interesting and would deserve further study. In 
the limit q — > it has the partial Virasoro algebra as a closed subalgebra. 



4.4 Checks in the instanton expansion 
4.4.1 The anomaly equations 

Let us now check explicitly (14.381) and ( 14.391) by using the results of Section 3. The cal- 
culation is straightforward, but quite tedious. Actually, finding the correct anomaly 
polynomials look like a little miracle in the present formalism. This is very unlike 
the case of the matrix model approach, where the anomaly equations are the most 
natural identities, and follow directly from the properties of the matrix integral. In 
the present microscopic formalism based on the sum over colored partitions, we do 
not have such a simple interpretation. 

We have performed all our calculations at the two-instantons order. However, the 
intermediate formulas are so complicated that we are simply going to indicate the 
main steps, writing explicitly only the terms relevant to the one-instanton order. 

First, we write the generating functions explicitly using the formulas derived in 
Section 3, 



(4.51) 



S(z; a, g, q) = Nq V jf'^] 1 + 0(q 2 ) . (4.52) 

We see that in the small q expansion, the functions R and S are meromorphic functions 
on the complex plane with poles at the points z — a^. This feature is maintained at 
any finite order in q, with poles of higher and higher orders as the instanton number 
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increases. The aj-periods of differential forms involving R and S thus reduce to a sum 
over the residues at a,. Using (14.421) and (14.431) . we can get in this way the explicit 
formulas for the operators L n and J n , 

( a n ~ l \ 8 

L n = ~ E < +1 + l( n + l > TT — 2" JT + °(l 2 ) . ( 4 - 53 ) 



We need next to compute SPVmic/^aj. From (I2.2p we know that 

w^a, 9, ?) = E ( M ™ +l(a) + u ™+ l{a) q + ° {q2) ) ' (4 ' 55) 

m>0 

from which we find, using (13. 19j) and (I3.12p . 



— — = rai+9 



T ^(^>i)-2Ef^))- 2 E r T- „ 2 r 



+ 0{q 2 ). 
(4.56) 

Combining ( 14.56P with ( 14. 53ft and (14.541) . we can then check explicitly that 

NL n ■ W mic = K + 0(q 2 ) , NJ n ■ W mic = ^ n + 0(q 2 ) . (4.57) 

Repeating the same calculation, but now including all the relevant two-instantons 
terms, we have actually explicitly checked, at the cost of considerable algebra, that 

NL n ■ W mic = < + 0(q 3 ) , NJ n ■ W mic =<% n + 0(q 3 ) , (4.58) 

or equivalently that (14.381) and (I4.39P are valid up to terms of order q 3 . 

Note that the above results immediately imply that the microscopic approach 
match the Dijkgraaf-Vafa approach, at least up to two instantons. Indeed, when the 
equations (12 .7p are satisfied, we automatically get 

NL(z) ■ W mic = = sf{z) , NJ(z) ■ W mic = = 38{z) . (4.59) 

In the Dijkgraaf-Vafa formalism, these equations must be supplemented by the ex- 
tremization of the glueball superpotential. However, it is well-known (see for example 
[2T| [13]) that this is equivalent to the fact that the quantum characteristic function 
(I4.15P satisfies the algebraic equation (14.181) . This latter equation is automatically 
implemented in the microscopic approach. 

There is, of course, a limitation in working at a finite order in the instanton 
expansion. The equations of motion (12.71) then allow to study only the Coulomb 
vacuum of the theory, in which the unbroken gauge group has only U(l) factors. This 
limitation will be waived in [12j, using the results of pQ, by providing an exact analysis 
independent of the small q approximation. 
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4.4.2 The algebra 



Let us now compute the first non-trivial quantum corrections to the perturbative 
algebra (14.31) . From (14.531) we find 



[L n yL m ] — {n — m)L n + m 

1 ily^i il j q 1 J r q 2=m 

Similarly, using (14.541) we find 

[LnyJm] — {n — Tri)J n+m 



n <-> m 



))A + otf) . («o> 



+ Tr^l""' 1 "' 1 " 



n+m+2 
i 



-2W"(a l )ar +1 J2 



,n+l „n+l 



"'.I 



(4.61) 



and 

[J n , J m ] =N 2 q 2 



(m — nj 



W"( aj ) 2 a? +m+1 



+ 



2W"( ai ) 



Yli^i a ti 

j¥4 "■ J \h, i " i i 



(4.62) 



+ C(g 3 



An interesting feature of the above equations is to show explicitly that the algebra 
does not close, as discussed in 14.31 the quantum corrections would have to be linear 
combinations of the operators at lower order, which is impossible due to the pole 
structure. 



5 Outlook 

In this paper, following [lj, we have provided a detailed microscopic analysis of the 
M = 1 gauge theory with one adjoint chiral multiplet and arbitrary tree-level su- 
perpotential. We have shown how to use Nekrasov's instanton technology to derive 
many deep results in M = 1 gauge theories. In particular, we have provided the first 
non-perturbative discussion of the generalized Konishi anomaly equations, putting 
forward the subtle constraints coming from working at finite N and deriving the 
strong quantum corrections to the operators that generate them. We have also com- 
puted explicitly the first two terms in the instanton expansion of various operators in 
the ^-background, including the generating function S(z; a, g, q) for the generalized 
glueball operators. 
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Our calculations were limited to the two-instantons order. A full solution of 
the problem, which includes in particular the calculation of the function S and the 
derivation of the equations (14.381) and (14.391) is of course highly desirable. It will be 
presented in a forthcoming publication [12]. The fact that the present microscopic 
formalism, based on the sum over colored partitions, can match the results from the 
matrix model approach is a very deep property, clearly related to the open/closed 
string duality. 

It would also be extremely interesting to study the theory with flavors of funda- 
mental quarks and other models with various gauge groups and matter contents along 
the same line. It seems that the derivation, from a direct microscopic analysis, of all 
the conjectured exact results in Af = 1 gauge theories is now at hand. After almost 
fifteen years of intense study of the non-perturbative properties of these theories, we 
believe that this is a highly satisfactory result. 
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Appendix 

In this appendix, we prove the equivalence between the formulas (12.321) and (12.331) 
for the measure on the set of colored partitions. Both formulas have appeared in 
the literature, starting from [2], but often in erroneous or undeterminate forms (for 
example by writing them in terms of ambiguous infinite products). Since having 
the exact formulas was essential to perform our explicit calculations, we have been 
extremely careful in deriving them and we hope that this appendix will clarify the 
main properties of the measure factor. 

We shall need the following simple 
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Lemma: Let k be a partition and z £ C Then 



ki 



n z + kp- (3 1 yr z + a-k a 



z - k i jj[ z + kfs - (3 + 1 z + kx ^z + a-ka 



The proof is made recursively on the number of columns of the partition k. We first 
consider a partition whose Young tableau Yj< nas a single column of arbitrary length, 
i.e. k a = 1 for 1 < a < k±. In this case, the left hand side of (1A.11) reads 

J- z+k r\ (a.2) 

z-l z + h 

consistently with the right hand side which, using the many cancellations between 
the numerator and the denominator in the product, reads 

-^X\ Z + a ~ l = i.s + fci- 1 . (A.3) 
z + k 1 LL z + a-2 z + k t z-l 

1 a=l 1 

Now, we assume that the lemma is true for partitions k with k\ columns in the Young 
tableau. Let us consider a partition k' with k[ = k\ + 1 columns. Its Young tableau 
can be built by adding its first column to a Young tableau having only k\ columns. 
Precisely, we have k' a = k a + 1 for 1 < a < k\ and k' a — 1 for k± + 1 < a < k[. The 
left hand side of (lA.lj) for k' is 

1 *L z + k' p - (3 _ 1 z + k' p -(3 

11 z + k'- 8+1 ~ z - fci - 1 11 



z ~ K I -i z + k> - (3 + 1 z - h - 1 J a z + v - (3 + l 

/3-1 p /9_1 P (A ^ 4) 

_ 1 Z+~k[-l yr Z + kp- (3 -1 

~ z-h-1 z + k[ 1 = 1 2 + % - (3 ' 

In the second line of (1A.4I) we have explicitly splitted the product over /3 into the term 
(3=1 and the product over 2 < /3 < k\ + 1 for which we can use fc^ = kp-\. Using 
the recursion hypothesis for k with z — 1 replacing 2, we can compute the product 
over j3 in the second line of (1A.4I) . which yields 

On the other hand, we compute the right hand side of (lA.lj) for k' by splitting the 
product over a into two terms as 

z + a — k' 1 Pr z + a — k a — 1 -i-^ z + a — 1 



n z + a-k' a 1 yr z + a-kg-1 yr z + a-1 



z + k\ z + a - k' a - 1 z + k\ z + a - k a - 2 \ L z + a-1 

■ •>■-■ i. a=fei +1 
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Using the many cancellations in the above products, we find 

1 tt z + a - k' a 1 yr z + a — k a - 1 z + k[ - 1 

z + k'A\z + a-k' a -l~ z + k\ *-\ z + a-k a -2 z + kt-l' 

1 a=l I a=l 1 

matching with (1A.5jl . which proves the lemma. 

A useful corrolary of (lA.ip is that, for any integer K > 0, 

yr z + kp- (3 _yr z + f3'-l-k 1 yr Z + a-kg + K-l 
llz + kp-P + K' llz + P'-l + h z + a-k a -l 

This identity is very useful to relate products over the columns of a Young tableau 
to products over the rows of the same tableau, which is exactly what is needed to go 
from (12321) to (TOB]) . Using the notation fl3TLj) . let us rewrite f[2732|) and (12331) as 

N N 

= n ^ n *t « = n ^ n y ( a - 9 ) 

i=l i<j i=l i<j 

with 



n 5 n 

11 _L_ ^rt - 11 



Mi m 11 a« + e(/3-a) m 11 a« + e(a - /?) 

tt tt + e (%/3 -"-/? + !)) (a« + e(^i,a - jg-a + l)) 
a=i i=i ( a *i + e(l - a - /?)) (ay + e(k jj/3 - a + k i>a - (3 + 1)) 

—t n|k,| TT TT a »j + e(fcj,ai ~ fc?> 2 ~ a i + Q-g) nx 
( ' iiii <* + e(°--°i) 

n - , ' l£ , n 



(A.10) 



(A.ll) 



a ia<0) eY k . a v + <P-a + k jtl ) u ^ p)&k . a H ~ <P ~ a + k,0 
We claim that 

"Mi = «Mi> ( A - 12 ) 
which is a slightly stronger result that the equality between (12.321) and (I2.33p . To 
prove this claim, we use (1A.8|) for the partition kj, with K = k ija and z = a^/e — a + 1. 
This yields 

rr tt o-ij + e(fcj,/3 ~ a ~ P + 1) 
a=i Li + e (%,/3 - " + fc ijQ - /3 + 1) 

(A ' 13) 

-p-r a^- + e(/? — a — kj t i) -r-r -pj + e(/cj.Q, — fcj jQ! / — a + a') 
d }} €Yk a l3 +e(P-a + k hl ) * ^ ^ ay + "« + «') ' 
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Moreover, it is straightforward to check the following identities, that are obtained 
using the many cancellations between the numerators and the denominators in the 
right hand side of the equations, 



dij + t{ki,a - (3 — Oi + l) 



nil r / , I + c ( .1. — ) — (\) llllll (l _l f ( ]' - n - )) 



"'ijl ™J)1 ™i,Q! 

nnn 



ciy + e(/3' — a — /3 + 1) 



n 



aj.,- + e(/3 — a) 



(A. 14) 



nn 



a^j + e(a' — a) 
iii^i + e{a' - a - k jta >) 



fci.l fej.l fc j,a 



ciij + e((3 - a - kj t i) 
dij + e{a! — a — (3 + 1) 



nnn _ n _ > 

«=la'=l/9=l J v ^' 



n 



ay + e(a - /?) 
a„- + e(a — /3 — 



(A.15) 



Using (jA"l3]l . flA~T4j) and flA~T5l) in flAlOl) . we find fTA~T2l) as we wished. 

Let us note that the square of the formula (I2.33j) can be written elegantly as 
follows, 



^=(-1)^11 



h3 



ai 7 - + e(o;2 — ai . 



n 



ciij + e{(3 — a + kj t i) 



n 



a y - — e(j3 — a + k it i) 



(A.16) 



with the rule that the ill-defined terms corresponding to i = j and oi\ = a<i in (1A.16I) 
are left out. In this form, the analogy with the N — 1 case (I2.30p . as well as the 
permutation symmetry (|2.34[) . are obvious. 

Let us use the previous results to show that 



Wa,e) =^(o,-e) 



(A.17) 



where k is the colored partition dual to k. This is shown in two steps. First, from the 
explicit expression (1A.10I) . it is clear that 



(a, e) = vr ■■(a, —e) 

k,ij y ' ; > I 



Using ( 1A.12I) . this is equivalent to 



(A.18) 



(A.19) 
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Now, it is immediate to check from flA.111) that 



'•V.;, >^,r (A-20) 

and thus 

%/ a > e ) = *M>>- e )- ( A - 21 ) 
Equation ( 1A.17I) then immediately follows from (1A.9jl . 

This implies that the partition function (I2.20p is an even function of e, because 
the sum of the contributions from a given colored partition and its dual will have this 
property, 

Z e (a,q,e) = Z e (a,q,-e). (A.22) 

Moreover, it can also be shown straightforwardly, doing with sums what we have done 
with products in ( 1A.14I) and ( 1A.15I) . that equation (12.351) can be rewritten in the form 



N 



U n,k 



i=l L 0=1 

+ (a l + eP) n -(a t + e(P-l)) n 
This implies that 

U n,k( a ^)= U n ^- e )- ( A - 24 ) 



Combining flXTHl and flA~24|) . we see that correlators built from the scalar operators, 



which include the glueballs (12.601) . are even functions of e. This is non-trivial in the 
colored partition formalism, but this property must clearly be true in view of the 
definition fl2TT2|) . 
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